We propose an experiment to measure the Lamb shift and fine structure ͑the intervals 2s 1/2 Ϫ2 p 1/2 and 2 p 1/2 Ϫ2p 3/2 ) in antihydrogen. A sample of 10 000 antihydrogen atoms at a momentum of 8.85 GeV/c suffices to measure the Lamb shift to 5% and the fine structure to 1%. Atomic collisions excite antihydrogen atoms to states with nϭ2; field ionization in a Lorentz-transformed laboratory magnetic field then prepares a particular nϭ2 state, and is used again to analyze that state after it is allowed to oscillate in a region of zero field. This experiment is feasible at Fermilab. ͓S0556-2821͑98͒04711-0͔
I. INTRODUCTION
The CPT theorem predicts the existence of the antimatter counterpart of every physical state. Antimatter states corresponding to elementary particles and some light nuclei have been observed. Until recently no antimatter atomic or molecular state had been detected. A CERN group ͓1͔ reported antihydrogen candidates in 1995. We have obtained a background-free sample of antihydrogen atoms in a Fermilab experiment ͓2͔. Study of antimatter-matter symmetry is interesting as the only test of CPT invariance, a principle that is fundamental to our description of elementary particle interactions.
CPT invariance states that the product of the charge conjugation (C), parity ( P) and time reversal (T) operations is an exact symmetry of nature. It is the minimal condition for the existence of antiparticles within quantum field theory. It can be derived from very general principles, specifically that a quantum field theory should be constructed from fields that belong to finite-dimensional representations of the Lorentz group, have local interactions invariant under the proper Lorentz group, be described by a Hermitian Lagrangian, and have a unique vacuum. The predictions of the CPT theorem are that particle and antiparticle states have equal masses, spins, and lifetimes, and equal but opposite charges and magnetic moments. The most stringent tests made to date are the equality of the electron and positron g factors ͓3͔ to 2.1 parts in 10
12
, and the equality of ͉e/m͉ for the proton and antiproton ͓4͔ to 1.5 parts in 10
9 . An indirect determination ͓5͔ of the K 0 ϪK 0 fractional mass difference yields a limit of 9 ϫ10
Ϫ19
. Matter-antimatter symmetry has thus been studied in leptons and bound states of quarks. Using antimatter atoms, we can perform CPT tests of systems comprised of multiquark states ͑nuclei͒ interacting electromagnetically with leptons ͑electrons͒.
The hydrogen atom is the best studied of all physical systems and extremely precise measurements of its spectrum have been made, the best of which is of the 1sϪ2s interval ͓6͔ to 3.4 parts in 10
13
. Antihydrogen at rest would be the ideal system for the study of CPT in atomic interactions and experiments are planned at CERN, where a new facility ͓7͔ is in construction, to emulate the high precision measurements made in hydrogen.
We have developed a way to measure the spectrum that uses instead antihydrogen in a relativistic atomic beam. Our method of measuring the energy differences between the n ϭ2 levels is an exact analog to the method of measuring the K L ϪK S mass difference by studying the time dependence of K 0 semileptonic decays. We describe an experiment which is feasible at the Fermilab Antiproton Accumulator with an antihydrogen beam at 8.85 GeV/c. The simulation described below is based on the parameters of that machine.
II. OVERVIEW OF EXPERIMENT
In our Fermilab experiment ͓2͔ we formed antihydrogen atoms by passing antiprotons stored in the Fermilab Antiproton Accumulator through a hydrogen gas jet target. We identified antihydrogen atoms, with no background, by requiring a coincidence between a positron signal and an antiproton tracked in a high-resolution (5ϫ10 Ϫ4 ) magnetic spectrometer. We now propose to pass the antiprotons through a high-Z gas jet target in order to take advantage of the Z 2 rise ͓8,9͔ in the cross section. Antihydrogen atoms will be identified using a coincidence between an antiproton tracked in a similar magnetic spectrometer and a positron tracked in a lower resolution detector.
Antihydrogen atoms emerge from the Accumulator in the 1s state. The atoms are next excited by their passage through a thin foil mounted in a magnetic field. The electric field experienced by the atoms in their rest frame ionizes all of the excited states except those in the long-lived Stark level with nϭ2. A long-lived state can be represented as a coherent sum of the zero-field nϭ2 states, which are split by the fine structure and Lamb shift. The atoms next pass through a region with zero magnetic field, in which the state accrues phase differences between its zero-field components, resulting in ''vacuum regeneration'' of the medium-lived and short-lived Stark states. The reappearance of these states changes the point where the atom will ionize in a second magnet, since the short-and medium-lived states ionize in smaller magnetic fields. By measuring where the atoms ionize, as a function of the flight distance in zero field, we can determine the fine structure and Lamb shift splittings. The ionization point may be found by tracking the positron and antiproton.
III. METHOD
In a strong electric field the 8 states with nϭ2 separate into 3 Stark levels, each of which has a different rate of field ionization. At fields large enough that the rates of field ionization are much larger than the rate (6.27ϫ10 8 s Ϫ1 ) at which the 2p state decays radiatively, the lifetimes of the levels are in the ratios of roughly 25:5:1. We will label these levels and the states that belong to them as long, medium, and short, respectively. The difference in the lifetimes allows us to pass a beam of atoms with nϭ2 through an electric field and cause all but the long level to ionize.
If this beam passes suddenly into a 'drift' region of zero field, a surviving long state projects onto the zero-field eigenstates as 
͑2͒
Here ⌫ is the widthfull width at half maximum of the 2 p state due to its radiative decay.
The state that is pure long at tϭ0 evolves into a superposition of long, medium, and short. If the beam suddenly enters another electric field, this superposition is again projected onto the Stark states. A state with a large projection onto long will typically penetrate deeply into the second electric field before ionizing; a state with a large projection onto short will typically ionize immediately; and a state with a large projection onto medium will usually ionize at an intermediate depth. By measuring the distribution of the depth at which the state ionizes, as a function of the time spent in zero field, we can determine the zero-field splittings of the nϭ2 states.
The probabilities that an initial long state may be found in a long, medium, or short state are where xϭ⌫t/ប; and
These oscillating functions are plotted in Fig. 1 . The fast oscillation, of period 28.5 cm, in the probability of a long state is due to the 2s 1/2 Ϫ2 p 3/2 splitting, and the slow modulation, of period 267 cm, is due to the Lamb shift splitting. Since the long state can oscillate into a virtually pure short state, and since the ionization rates of these states differ by a factor of roughly 25, the oscillation is easy to detect. We now analyze a design for an experiment where the large (ϳ2ϫ10 7 V/cm͒ electric fields required are provided by the Lorentz transform of laboratory magnetic fields into the rest frame of an 8.85 GeV/c antihydrogen beam, such as has been produced at Fermilab ͓2͔. We note that oscillations in zero field have been used by Sokolov and Yakovlev ͓10͔ to measure the hydrogen Lamb shift to 1.8 ppm using a 20 keV beam, and by Parkhomchuk ͓11͔ to measure the Lamb shift to ϳ1% using a 66 MeV beam (v/cϭ0.35).
Accurate calculations are required of the rates of field ionization for the different levels with nϭ2. The eigenvalue problem for the Schrödinger hydrogen atom in an electric field ͑nearly͒ separates in parabolic coordinates; the ionization rates have been intensively studied theoretically and are available to 6 decimals at discrete values of the electric field ͓12͔. They are also available as ͑asymptotic͒ series in powers of the applied field, times an exponential factor; while not FIG. 1. Plot of the probability that an initial long state is found in the long ͑solid͒, medium ͑dashed͒, or short ͑dotted͒ level as a function of the flight distance in cm in zero field. The sum of the three probabilities ͑dash-dot͒ shows the decline due to radiative decay. Note that a state that was pure long at xϭ0 is almost pure short ͑arrow͒ at xϭ128 cm, when only 12% of the states have decayed. convergent, these series ͓13͔ allow accurate interpolation. The code used in our simulations evolves the 8ϫ8 density matrix for the states with nϭ2 through the perpendicular electric and magnetic fields that result from the Lorentz transform of a transverse laboratory magnetic field. The Wigner-Weisskopf formalism is used to include the losses due to field ionization and to radiative decay; the linear ͓14͔ Stark and Zeeman perturbations are included, as are the finestructure and Lamb shift splittings, but the hyperfine splitting is neglected.
We begin the experiment by making antihydrogen atoms by circulating an antiproton beam stored in the Fermilab Antiproton Accumulator through a high-Z gas jet. The atoms emerge from the Accumulator in the 1s state, and roughly 8% of the atoms are excited ͓15͔ to states with nϭ2 by passing them through a very thin (60 g/cm 2 ) carbon or polypropylene foil, while most of the other atoms remain in the 1s. The 1s atoms are ionized in a second, thicker foil far downstream and counted to monitor the relative luminosity.
We assume that collisions in the foil produce the eight nϭ2 states with equal probability ͓16͔. The subsequent evolution of these states in a uniform, transverse magnetic field of 7.090 kG is shown in Fig. 2 . The medium ͓17͔ and short states ionize rapidly, leaving a nearly pure long state. The ionization rates are sensitive functions of the applied magnetic field and the beam momentum. Changing either by 0.1% will change the 1/e lengths for ionization in this magnet by 1.8%. The unusual sensitivity arises because field ionization is a tunneling process and so its rate varies exponentially with the applied electric field. This sensitivity does not pose a problem because the momentum of the Accumulator is controlled to 0.02%.
In the drift region, laboratory transverse magnetic fields must be р3 mG to avoid Stark mixing. Longitudinal magnetic fields involve only the weaker Zeeman mixing and are not boosted, and so can be much larger, р10 G. A sufficiently field-free region of adjustable length can be provided by a set of telescoping -metal cylinders.
The transition from the first magnet to the drift region must now be tailored so that the nϭ2 Stark states undergo a non-adiabatic transition. A key observation is that in a field below 5 kG the nϭ2 states do not ionize ͑see Fig. 4͒ ; and in a field above 3 G the Stark splitting is so much larger than the fine structure splitting that the long, medium, and short states do not mix. It is only in the range 3 G to 3 mG that a sudden fall of the magnetic field must be engineered; qualitatively we expect that the fields must be made to fall off in a distance short compared to the spatial period of the finestructure oscillation, or 28.5 cm. Figure 3 shows how the transition can be made non-adiabatic using a simple structure that is large enough to accommodate the antihydrogen beam.
For a second magnet, Fig. 4 shows the separate probability distributions for the point of ionization of the short, medium, and long states. The distribution of ionization points is shown as a function of drift distance in Fig. 5 . An antihydrogen atom ionizes into an equal-velocity positron and antiproton, both of which we track to determine the ionization point. FIG . 2. Plot of the probabilities that an incoherent mixture of nϭ2 states is found in the short, medium, or long level, as a function of the flight distance in cm in a transverse laboratory magnetic field of 7.090 kG. The solid curves show the result of the full simulation; the dashed curves show the result in the approximation that the three levels decay separately with decay rates set by field ionization alone. The difference can be perceived only for the medium and long states; it is due almost entirely to the omission of the appropriate fraction (1/2, 1, or 1/2) of the 2p radiative decay rate appropriate for each of the three levels. At the field of 7.090 kG ratio of the decay length of long to that of medium has its maximum value of 5.8 ͑insert͒.
FIG. 3.
The probability as a function of coordinate y ͑cm͒ that a state that is pure long at yϭϪ20 cm remains long as it passes into the drift region. The field profile used ͑insert͒ is that of a transverse field of 15 G that is screened by a pair of parallel, infinitely permeable plates that have their edges at yϭ0 and are separated by 4 cm. ͑It is convenient to study the field from a pair of plates, instead of from a cylinder, because the profile may be obtained in almost closed form ͓23͔ by conformal mapping.͒ The solid curve is the result of the full simulation; the dashed curve is the approximation that for yϽ0 the long state does not mix and may only decay radiatively, and at yϭ0 begins to oscillate in zero field as given by Eq. ͑3͒.
Gulley et al. ͓18͔ used a similar technique to ionize and count states with nу3 in an 800 MeV neutral hydrogen beam.
We simulate an experiment by integrating luminosity sufficient for 100 long states, on average, to emerge from the first magnet. The 1/e decay length of the 2 p state sets a natural limit ͓19͔ to the useful length of a drift region, and we wish to sample a set of drift distances separated by substantially less than the spatial period of the fine structure oscillation. Accordingly we divide the luminosity evenly between 101 equally spaced drift distances ranging from 0 to 450 cm. An average of 80 ionizations occur. The complicated function shown in Fig. 5 is fit to the data using the method of maximum likelihood ͓20͔. In keeping with the results of the Fermilab experiment, we assume that there is no background. There are three variables fit: the shifts of the 2s 1/2 and 2 p 1/2 states toward the 2 p 3/2 state, relative to their values in hydrogen; and the number of long states that emerge from the first magnet. Shown in Fig. 6 are the results of the fit for 20 simulated experiments. The experiment is sensitive at the 1 level to independent shifts of either the 2s 1/2 or the 2 p 1/2 state equal to 0.5 and 0.9 radiative widths of the 2 p state. Equivalently, the experiment measures the antihydrogen Lamb shift ͑the 2s 1/2 Ϫ2 p 1/2 splitting͒ to 5% and the fine structure ͑the 2p 1/2 Ϫ2 p 3/2 splitting͒ to 0.9%. Assuming that an interaction that violates CPT will shift the 2s state but not the 2p, the experiment is sensitive to a shift of 5ϫ10 Ϫ8 of the 2s binding energy.
It is at first sight surprising that so small a number of detected events suffices to determine the energy splittings precisely. We model this effect by using the likelihood method to form an estimate of a true frequency Ј from N events distributed as 1ϩcos(Јt) over a time interval T. The   FIG. 4 . The probability distribution dP/dy ͑cm Ϫ1 ) for the ionization in the second magnet of a short, medium, or long state, as a function of the depth y in cm. The field profile of the magnet is shown as the dashed line. The total probabilities that a short, medium, or long state ionizes in the magnet are respectively 0.976, 0.942, and 0.963. A long state ionizes with greater probability than does a medium state, though a long state has further to fly before it ionizes, because it has half the rate of radiative decay.
FIG. 5. The differential probability dP/dy ͑cm Ϫ1 ) for a positron to appear at coordinate y in the second magnet, as a function of the drift distance x in cm. The fast oscillation ͑period 28.5 cm) is due to the 2s 1/2 Ϫ2 p 3/2 oscillation, while the slow modulation in its amplitude ͑period 267 cm) is due to the 2s 1/2 Ϫ2p 1/2 oscillation. The overall loss in probability with increasing x is due to radiative decays in the drift region, which produce atoms in the 1s state that consequently do not ionize in the second magnet. log of the expectation value of the likelihood function in this simple model can be found analytically, and for Nϭ1 equals
This function is plotted as a function of in Fig. 7 . It oscillates about a central minimum at the expected value with a separation of the central and adjacent local minima of 3/T. The rms uncertainty is found from the expectation of the second derivative of Ϫlog L and is given by
Here kϭЈT/2 is the number of periods over which observation extends. For kϭ1 and Nϭ100, we find that / is 3%, roughly equal to the error we have simulated for the Lamb shift. The resolution improves as 1/T for a fixed number of events because of the increasing lever arm by which each event constrains the phase of the oscillation. For k ϭ16 we find that / is 0.2%, roughly equal to the error we have simulated for the fine structure. An experiment must have a sufficient number of events N to resolve the central minimum.
For the antihydrogen experiment we similarly obtain adjacent local minima in the ͑negative͒ log-likelihood function that may lead to a spurious fit for a sufficiently small number of events. The effect of these minima on the 20 simulated experiments, and on experiments with yet smaller expected numbers of events, is examined in Fig. 8 . Experiments with 100 long states expected are almost always free of such extra minima; experiments with 40 are usually free, while experiments with as few as 20 often have such minima, and moreover will often lack the statistical power to exclude the possibility of no shift of the 2s state if in fact a shift is present. Demanding 100 long states for a practical experiment therefore seems reasonable, since an experiment may still succeed if only 40 are produced. Given that 8% of an antihydrogen beam in the 1s state may be excited by collisions in a foil to states with nϭ2, and that 1/4 of these are long states, and that 1/2 of these long states remain after the contaminating medium states are allowed to ionize, we assert that an experiment can be done on a sample of 10 000 atoms of antihydrogen.
IV. EXPERIMENTAL MATTERS

A. Rate
Antihydrogen is formed in antiproton-nucleus collisions by the process pZ→ZH e Ϫ . We have measured ͓2͔ the cross section at 5.7 GeV/c for Zϭ1 to be 1.12Ϯ0.14Ϯ0.09 pb. The cross section for forming antihydrogen in the 1s state at 8.85 GeV has been estimated ͓8,9͔ to lie between 1.5Z 2 and 5.0Z 2 pb; for Xenon the lower estimate gives 4.4 nb. The design of the Accumulator allows antihydrogen formed in states with nϭ2 to contribute to the flux of 1s antihydrogen from the machine, increasing the effective cross section by another ϳ13% to 4.9 nb. The beam antiprotons also interact by inelastic processes and by large-angle elastic scattering, both resulting in immediate beam loss, and by multiple small-angle elastic scattering. This multiple scattering increases the size and momentum spread of the beam and leads to beam loss when this beam ''heating'' exceeds the cooling capability of the machine. We take a gas jet density such that, at the Fermilab Antiproton Accumulator, there are no beam losses due to heating, giving an instantaneous luminosity of approximately 10 29 cm Ϫ2 sec Ϫ1 . We estimate the effective Xe cross section for beam loss at this machine to be 3 b so that 1.6 antiprotons per 10 9 consumed result in antihydrogen. The Accumulator is expected to stack antiprotons at 10 11 per hour during Fermilab Collider Run 2. At the above luminosity we consume 1% of these antiprotons, giving in parasitic operation ϳ40 antihydrogen atoms per day. Of these 8% are excited to nϭ2 of which 1/4 are in a long state, giving 0.8 atoms in a long state per day, 1/2 of which are lost while the contaminating medium states in the beam ionize. Accumulating the needed 100 long states takes eight months of running. Electron cooling, which delivers far greater cooling power, is planned for the Fermilab Recycler ͓21͔. It may be possible to operate with much greater luminosity in that machine.
The Fermilab Antiproton Accumulator is able to circulate protons in the direction opposite to the normal circulation of antiprotons. Relativistic atoms of hydrogen are formed not only by the reaction pZ→ZHe ϩ but by the radiative capture of a target electron, a process which has the relatively large cross section ͓22͔ of 344 pb at 8.85 GeV/c. By moving the experiment and reversing the polarity of its magnets, the Lamb shift and fine structure splittings of hydrogen can be measured by the same apparatus as that used for antihydrogen. Such an experiment would be useful in analyzing possible systematic effects.
B. Event detection
The Fermilab experiment ͓2͔ demonstrated that observation of an antiproton track within 1ϫ10 Ϫ2 of the Accumulator momentum, in coincidence with a positron, detects antihydrogen with no background. As in that experiment, the antiproton is detected in a magnetic arm instrumented with 1 mm wire chambers with a momentum resolution of 5 ϫ10 Ϫ4 . The 4.8 MeV/c positron is detected in a thin, vertical detector with coordinate sensitivity in the beam direction, positioned in the second magnet about 2 cm from the beam axis. At Fermilab, the antihydrogen beam is contained ͑95%͒ in a circle of 1 cm radius. The positron, emerging from the ionization point in the beam direction, orbits with a cyclotron radius of about 2 cm in the horizontal plane and so traverses the detector twice, the midpoint of the hits giving the longitudinal coordinate of the ionization with a precision of 1 mm rms. A multiwire proportional chamber with windows and cathodes made of 25 micron aluminized mylar (ϳ5ϫ10 Ϫ5 radiation lengths͒ is a suitable detector. Straw tubes, siliconstrip detectors and scintillating fibers are alternative technologies. The antiproton track furnishes the horizontal distance between the point of ionization and the positron detector to better than 1 mm rms, giving an additional constraint. A poorer measurement of the longitudinal coordinate of the ionization point (1 cm rms͒ comes from the antiproton track, limited by the 0.2 mr divergence of the antihydrogen beam.
V. CONCLUSIONS
We describe an experiment to measure the Lamb shift and fine structure ͑the intervals 2s 1/2 Ϫ2 p 1/2 and 2 p 1/2 Ϫ2p 3/2 ) in antihydrogen. In eight months of parasitic operation at the Fermilab Antiproton Accumulator, these intervals can be measured to 5% and 1% respectively.
